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Ha siominy 6i0 xnacuynoeo umogipno2o nioxody, 6 Oauiti cmammi po32ii0acmvCst Memoo 2eHepy8aHHs ma
OYIHKU MeCmis, 3ACHOBAHUL HA HeYimKoOMY nioxodi. Lle npu3sodumv 00 3a60anb, AKi MOXICYMb OYmMu GupiuleHi 8
PAMKax HewimKux peisyiiHux pigHsans. Kitbka npuxiadis inrocmpyroms KOpucms makozo nioxooy.

Kiro4oBi ciioBa: Teopis TECTIB, TeHEPYBaHHsI Ta OLIHKA TECTIB, HEYITKI PENALiiiHI piBHSIHHS.

B omauuue om knaccuueckozo éeposimno2o nooxood, 8 OAHHOU CIMAMbe PACCMAMPUBACICL MEMOO 2eHepupo-
6AHUSL U OYEHKU MeCmOo8, OCHOBAHHbIU HA HEYemKOM Nn00X00e. Jmo npusooum K 3a0avam, Komopvle Mo2ym Obimy
peuleHbl 8 PAMKAX HeHemKUX PeisiyUOHHbIX ypasHeHull. Heckoabko npumepos uiniocmpupyom noiv3y maxkozo noo-
xooa.

KiroueBnie cioBa: TCOPUA TECTOB, TCHEPUPOBAHNC 1 OLICHKA TECTOB, HCUCTKUEC PCIIAINOHHBIC YPABHCHUS.

Unlike the classical probability-based approach we consider the ge-neration and evaluation of tests based on
a fuzzy approach. This leads to tasks which can be solved within the frame of fuzzy relational equations. Several ex-
amplesillustrate the usefulness of our approach.

Keywords: test theory, generation and evaluatiorests, fuzzy relational equations.

Generation of Testswith Desired Properties  for different groups with different levels of

knowledge (Fig.1).

Tests are one of the powerful means in The problem of choosing items is complex,
modern educational systems [2]. The structure ofteecause the bank of items may contain up to some
test is determined by items which are characterizéldousands objects that are collected at univessitie
by complexity, discrimination, correlation to theor national centers of assessment. The scheme of
test and so on. Items are usually collected into stest generation is shown in Fig.2.
called item banks that can be used for the
generation of different tests. The test has to be Formalization of the Task and Problem
designed from items that have desire@ormulation
characteristics according to test specificatione Th
test examines the knowledge of a testee with Let us consider an item bank containiNg
respect to some subject, the Ilatter beingems T={|1,|2,,,,,|N} from some subject (e.g.,

characterized by units of knowledge (UOK) athematics). Moreover, we havél UOK
Obviously, each item can be interrelated with a s ' :

of UOK. ={U;U,.....uy} describing this subject (e.g.,
One of the problems of test developers is tHgumbers, sets, functions, statistics, geometry,...).

generation of a test from the item bank that ha€t R express the quantification of the relation

certain statistical characteristics (accordingest t between the items and the UOK reflecting the

specification) as well as a desired unit ofitness of the items with respect to these units:

knowledge (according to the subject that is

assessed). There may be situations when it is

necessary to design the tests from one subject but
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Fig. 1. Working with item bank
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Fig. 2. Procedure of test generation

There are at least two problems to consider.

r, T, ... T , : 4
me M First, one has to find the underlying set of UOK

R= YR P TR PV U" when the testee has performed his ®€sand
- : got the results as truth levels of answers with

respect to the items. Hence, we answer the
i Tz o T $_Hest_ionthw2i_cgctUOKblcioes éhe tegtee know WSII.
o is is thedir roblem. Second, one may be
~ The elements; may be from the unitinterval ¢, o4 \ith the qupestion how to choose the >éet of
(ile., R can be interpreted as fuzzy relationjems T from the item bank (i.e., the test) if we
expressing the truth degree of the fitnesgant 1o test some subset of UOK. It is clear
Sometimes, however, it is useful to have #e that we may get different tests which assess the

from a lattice, e.g. from s€0,1... S} . In this case same set of UOK. This is called theverse

the matrix elements estimate the level dproblem. . .
correspondence of fitness. In what follows, The setsT andU’ are supposed to be fuzzy

however, we assume the unit [0,1] as basis ffts on their univers@sandU. The memberships
evaluation. are denoted by small letters and for simplicity we
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equate the fuzzy sets with their membershimay be faced with infinitely many solutions or no
vectors, i.eT’ :(i;,___,rN), U*:(u;,...,u*N). solution at all. It is a classical problem in the

theory of fuzzy relation equations [3,5,7]. In the
case of solveability the maximal (in the sense of

fuzzy inclusion) solutior€=(£,...€) is given by
Let T ={i, i, .....Iy } is the result of the test £=RaU" . 3)

for some testee. Using relatiéhand T~ we can A .
find the appropriate fuzzy set for the UOK Where(RorU )k HQLTA fy @U; , and the well-

successfully handled by the testee by computing knowna-operation (Goedel implication) is defined

Thedirect problem solution

U =T -R 1) as
where =" means the max-min composition law acb= 1for asb,
for fuzzy relations and sets, i.e. b otherwise
u”= max min(iE,rkj) J0{L.. M}. (2 There may be, however, a large number of

LK) minimal solutions [7] the calculation of which is

Example 1. Let us consider a test innq; trivial for large (typical in test theor
mathematics containing of 10 items assessing tHe gerN (typ )

following units of knowledge:u, - Algebra, u,- Example 2. Let us consider the test with 10
Numbers and Expressionsy;- Equations and items and relation from Example 1. Now we want
Inequalities, u,- Functions, u;- Combinatorial to find the assessment of answers to items if we

e [ the UOK by
Calculus and Probabilitiesys- Statistics, u, - arfz_ given ,
Geometry,us - Plane Geometryy, - Stereometry. U’ =(0.75,0.75,0.75,1,0,0.75,1,1,0.25). We obtain

: . the maximal solution
Moreover, we have the relatidR (obtained
from experts) between items and units of = (0.75,0,0.75,1,0.25,0,0.25,0.75,0.75,0.75)

knowledge and the four minimal solutions

11000000 T,"" = (0.75,0,0.75,1,0,0,0,0,0,0),
01101000 T,”"= (0.75,0,0,1,0,0,0,0.75,0,0),
10100100 T,”"= (0,0,0.75,1,0,0,0,0,0.75,0),
00010011 T,"" = (0,0,0,1,0,0,0,0.75,0.75,0).
|0 0000O01O0
R= 00101000 Inver se Problems with Restrictions
00010010 Often the tester is not interested in the whole
00110000 solution set of (1), but solutions with special
11000100 properties are desired, as mentioned in Section 1.
We distinguish two approa-ches: individual and
00010100 global.
Assume that the testee has obtained the .
following result :r? ?mlsdg:]s? F:/Fv)(raosaecgrch at least one solution of
00 :oO0Y — ’
(%1 1) =(1,0,1,1,0,0,0,1,0,0). Then (1) with T individual restrictions on the member

computation (2) yieldsU*=(11,11,0,111P It vyalues in each elemerit leading to the following
means that the testee knowsu, and us-ug, but  {55k- Searcht” fulfilling

he does not knows anduj. U =T oR

Now let the answers be evaluated from a 5- L
degrees scale, e.g. from the §10.25,0.5,0.7511 roT orT, (4)
and suppose that the testee got the following tesuivhereT, T are fuzzy sets ol and ‘0" means the
(Illlo) = =(0.75,0,0.75,1,0.25,0,0.25,0.5,0.25,0.2 inclusion of fuzzy sets. _
According to @) we find This situ-ation occurs for example if we want

U* = Thi that the 10 9et a solutionT” where certain items are
=(075075075100751192 This means that the g, 5ressed and other items are to be in the solutio
testee does not know only; and knows the set with high evaluation.
remaining units at different levels. In practice one is often faced with the problem
The Inverse Problem to search for solutions with a special structure.
Suppose, one has to determine a test
The inverse problem consists in the‘r:{ll,lz,...,lN} where itemlj takes part with
determination off” with knownR, U_in (1). That = probability p,, i.e. T is characterized by a
is we want to know which tests might have led g i distributionP. This restriction can be
the evaluationu”. This task is much harder to

solve (in comparison to the direct problem) and V\;éansformeq intoa fuzzy setT, using .
corresponding methods [4,6]. Due to a certain
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ambiguity in the choice of the transformation  Example 4. SupposeU” to be like in Exam-
method and accounting that the may be ple 2. We want to determine a solution with

imprecise it seems to be more appropriate @/aluations not lower than 0.5. Otherwise we ex-
include T° in bounds. i.eT. OT OT. and we are clude the item from further consideration. That is,
P el p i Elp

led to task (4). The following statement enables th@={0} 1[0.5.3. A solution fulfiling  the
determination of a solution of (4) in an efficientconstraints IS
way. T=(0.75,0,0.75,1,0,0,0,0.75,0.75,0.", and

Statement 1. Denote the solution set of (4) by obviously T, OTOF.

I Moreover let T=FnT with E=RaU" (see (3)).
Then rz0iff TOr.
The proof follows from [9] where a more The proposed approach of analysis and the
general situation is considered. formation of tests based on fuzzy relations opens
up prospects for the automation of test generation
Example 3. Let U given as in Example 2. based on the matrix elements of knowledge
Suppose, we are interested in item soluti-ons wiflggarding the relationship and bank of items.
evaluations of at least 0.5 for items,|,,1,.1,. Taking into account that in real test systems the
ltems 1,,1.,1,, are irrelevant and items,, |1, item bank may contain hundreds of items, the

. . _ roblem of determining an optimal set of items is
should be excluded from consideration. This |ea€rﬁ1portant. However, t%e derFr)land for exact solv-

Conclusion

the restrictions  apility may be too restrictive (i.€. or Q may be
T=(05,0,0,05,0,0,0,0.5,0.5,, empty). Then one might search for approximative
7=110,1,0,0,1,1,1,. One sees that solutions (e.g. by transforming” into an interval-

T=(0.75,0,0,1,0,0,0.25,0.75,0.75,0. fulfills the Valued fuzzy Sﬁt, see [8]). This will be the topfc
restrictions and it is a solution, becaus&!tUre research.
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Pexomenoosana 0o opyxy npoghecopom

Statement 2. Denote the solution set of (5) by I H. Cemenuosum

¥, and let Q be closed. Set T=¢,(¥) (i.e. ¢,
applied elementwise). Then W, 0 iff TOW,.
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